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The measure of quantum entanglement is determined for any dimer, either ferromagnetic or
antiferromagnetic, spin-1/2 Heisenberg systems in the presence of external magnetic field. The
physical quantity proposed as a measure of thermal quantum entanglement is the distance between
states defined through the Hilbert-Schmidt norm. It has been shown that for ferromagnetic systems
there is no entanglement at all. However, although under applied magnetic field, antiferromagnetic
spin-1/2 dimers exhibit entanglement for temperatures below the decoherence temperature – the one
above which the entanglement vanishes. In addition to that, the decoherence temperature shows to
be proportional to the exchange coupling constant and independent on the applied magnetic field,
consequently, the entanglement may not be destroyed by external magnetic fields – the phenomenon
of magnetic shielding effect of quantum entanglement states. This effect is discussed for the binuclear
nitrosyl iron complex [Fe2(SC3H5N2)2(NO)4] and it is foreseen that the quantum entanglement
survives even under high magnetic fields of Tesla orders of magnitude.
PACS numbers: 03.65.-w, 03.65.Ta, 03.65.Ud, 03.67.Mn
I. INTRODUCTION
The quantum entanglement [1–3] is one of the most
intriguing phenomenon in quantum physics. The first
queries about its strangeness were contemporaneously
raised by Einstein, Podolsky and Rosen [4], and by
Schro¨dinger [5]. Nowadays, the quantum entanglement
is an important issue in quantum information theory [6],
quantum teleportation [7] and measurements techniques
based on quantum information [8]. Owing to its quan-
tum nature, the entanglement could not be expected to
emerge either at high temperatures or at larger scales
than atomic. Nevertheless, experimental observations [9–
12] and theoretical proposals [13, 14] of thermal entan-
glement in magnetic materials have been addressed so
far in the literature. Furthermore, most recently exper-
imental realizations in antiferromagnetic spin chains of
long-distance entanglement and entanglement in surface-
supported in presence of applied magnetic fields have
been performed [15].
In this work, it has been investigated the dependence
of quantum entanglement respecting to temperature and
external (applied) magnetic fields for spin-1/2 Heisen-
berg dimer systems. As a physical quantity to measure
quantum entanglement use has been made of the distance
between states [16, 17] by adopting the Hilbert-Schmidt
norm [18], together with the Peres-Horodecki criterion
[19, 20]. The dependence of the quantum entanglement
measure on temperature and applied magnetic field is
analytically determined, add to that, it is verified that
quantum entanglement becomes manifest just for antifer-
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romagnetic spin-1/2 dimers – no entanglement at all for
ferromagnetic systems. Moreover, the decoherence (crit-
ical) temperature, above which the entanglement van-
ishes, is computed and, as a surprisingly by-product, it
shows to be independent of the applied magnetic field,
hence, the quantum entangled states are magnetically
shielded – the phenomenon of magnetic shielding of quan-
tum entanglement states emerges. It should be stressed
that the independence of the critical temperature with re-
spect to the external magnetic field has also been tackled
in earlier works [13, 14]. Finally, analysing a spin-1/2 an-
tiferromagnetic spin-1/2 dimer [Fe2(SC3H5N2)2(NO)4],
the binuclear nitrosyl iron complex [21], it is foreseen
that quantum entangled states resist applied magnetic
fields larger than a Tesla order of magnitude.
II. THE MEASURE OF QUANTUM
ENTANGLEMENT AND THE CRITICAL
TEMPERATURE
A dimer spin-1/2 Heisenberg system submitted to a
constant external (applied) magnetic field can be de-
scribed by the following Hamiltonian:
H = −J ~S1 · ~S2 − gµB
2∑
i=1
~B · ~Si , (1)
where J is the exchange coupling constant, ~Si (i=1,2)
are the spin operators, ~B is the external magnetic field
applied to the system, µB is the Bohr magneton and g is
the gyromagnetic factor.
In order to express the Hamiltonian in matrix form,
the spin operators are written in terms of Pauli matrices,
~S1 =
1
2~σ1 =
1
2 (σ
x
1 , σ
y
1 , σ
z
1) and
~S2 =
1
2~σ2 =
1
2 (σ
x
2 , σ
y
2 , σ
z
2),
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2where the matrices ~σ are taken as
~σ1 = ~σ ⊗ 1I2 = (σx ⊗ 1I2, σy ⊗ 1I2, σz ⊗ 1I2) , (2a)
~σ2 = 1I2 ⊗ ~σ = (1I2 ⊗ σx, 1I2 ⊗ σy, 1I2 ⊗ σz) , (2b)
with 1I2 ≡ 1I2×2 being the 2× 2 identity matrix.
Considering an applied magnetic field which is uni-
form and constant, pointing in z-direction, ~B = Bzˆ, the
Hamiltonian (1) is rewritten as
H = −J
4
~σ1 · ~σ2 − 1
2
gµBB(σ
z
1 + σ
z
2) , (3)
therefore,
H =

−J
4
− gµBB 0 0 0
0
J
4
−J
2
0
0 −J
2
J
4
0
0 0 0 −J
4
+ gµBB

. (4)
A finite temperature thermal equilibrium state is rep-
resented by the density operator ρ = Z−1e−βH, where
Z = Tr(e−βH) is the partition function and β =
(kBT )
−1. Taking into account the Hamiltonian H (4),
which represents a dimer spin-1/2 Heisenberg system
subjected to an uniform and constant external magnetic
field along the z-direction, the density matrix ρ is now
written as
ρ =
 ρ11 0 0 00 ρ22 ρ23 00 ρ32 ρ33 0
0 0 0 ρ44
 , (5)
where
ρ11 =
1
Z e
J
4T +
B
T , (6a)
ρ22 = ρ33 =
1
Z e
− J4T cosh
( J
2T
)
, (6b)
ρ23 = ρ32 =
1
Z e
− J4T sinh
( J
2T
)
, (6c)
ρ44 =
1
Z e
J
4T −BT , (6d)
with the partition function Z ≡ Z(J ,B, T ) given by
Z(J ,B, T ) = e− 4B+3J4T
(
e
B+J
T + e
2B+J
T + e
B
T + e
J
T
)
,(7)
where J = J/kB e B = gµBB/kB.
A. The Peres-Horodecki criterion
In order to call forth the Peres-Horodecki criterion [19,
20], the partial transpose (TP) of the density matrix (5)
has to be computed, which consists just by taking the
transpose (T) in respect only to one of the subspaces –
the Hilbert subspaces H1 and H2 – of the system and
thus realizing the tensor product H1 ⊗ HT2 . The partial
transpose relative to the subspace H2 reads
ρTP =
 ρ11 0 0 ρ230 ρ22 0 00 0 ρ33 0
ρ32 0 0 ρ44
 . (8)
The Peres-Horodecki criterion [19, 20] ensures that, for
2⊗2 and 2⊗3 dimensional systems, the positivity of the
partial transpose eigenvalues is a necessary and sufficient
condition for separability of quantum mixed states.
The eigenvalues of the partial transpose, ρTP , follow
λ1 = ρ22 , (9a)
λ2 = ρ33 , (9b)
λ3 =
1
2
(
ρ11 + ρ44 +
√
(ρ11 − ρ44)2 + 4ρ23ρ32
)
, (9c)
λ4 =
1
2
(
ρ11 + ρ44 −
√
(ρ11 − ρ44)2 + 4ρ23ρ32
)
. (9d)
Bearing in mind the density matrix elements (6) and the
eingenvalues (9) all together, it is straightforwardly ver-
ified that the first three eigenvalues, λ1, λ2 and λ3, are
positive definite for any value, positive or negative, of the
exchange coupling constant (J = J/kB). However, the
last eigenvalue, λ4, is positive (λ4 > 0) at any tempera-
ture provided that J > 0 (ferromagnetic), on the other
hand, it is negative (λ4 < 0) below a critical tempera-
ture whenever J < 0 (antiferromagnetic). Consequently,
there is no quantum entangled states, thus only separa-
ble, for dimer spin-1/2 ferromagnetic (J > 0) systems
at any finite temperature, since λ4 > 0 anyhow. Nev-
ertheless, for dimer spin-1/2 antiferromagnetic (J < 0)
systems quantum entanglement could emerge provided
there is a critical (decoherence) temperature (Tc) below
which (T < Tc) the eingenvalue λ4 < 0, showing up in
this case quantum entangled states, otherwise whenever
at, and above, the decoherence temperature (T ≥ Tc)
the entanglement should vanish, namely the eigenvalue
λ4 ≥ 0.
The decoherence temperature is defined as the critical
temperature below which the system exhibits quantum
entanglement, the other way about, whenever the sys-
tem reaches the critical temperature, or stand above it,
the quantum entanglement does not take place. Adding
to that, in the case of dimer spin-1/2 antiferromagnetic
(J < 0) systems, from the Peres-Horodecki criterion
[19, 20], the density matrix elements (6) and the ein-
genvalues (9), the critical temperature (Tc) can be de-
termined by assuming that the forth eigenvalue, λ4 ≡
λ4(J ,B, T ), vanishes at T = Tc, thus λ4(J ,B, Tc) = 0,
which results:
Tc = − J
ln(3)
, (10)
3minρ
s ∈  D(ρe || ρs)
A ρsρe
E
S
Figure 1: The minimum distance among ρe and ρs states.
for any component value of the external (z-direction)
magnetic field. It shall be drawn the attention to the fact
that in despite of the dimer spin-1/2 antiferromagnetic
system be subjected to an external magnetic field, the
critical temperature (10) remains unaffected by the pres-
ence of the magnetic field, hence it follows that the quan-
tum entanglement is magnetically shielded, it cannot be
destroyed by the exposal to magnetic fields – conjectured
as the phenomenon of magnetic shielding of quantum en-
tanglement states at finite temperatures.
B. The measure of quantum entanglement:
distance between states
The physical quantity proposed here to quantify the
thermal quantum entanglement is the distance between
states, as introduced in [16, 17], nevertheless the distance
is defined through the Hilbert-Schmidt norm [18]. Let A
the set of all matrices densities based upon the tensor
product of two Hilbert spaces H1 ⊗ H2, which consists
of two disjoints subsets: the subset of separable states,
S, and the subset of entangled states, E = A − S. By
definition, the proposed measure of entanglement (E) is
a physical quantity which lies in the internal 0 ≤ E ≤ 1
and is defined by:
E(ρe) = E0 min
ρs∈S
D(ρe||ρs) , (11)
where D(ρe||ρs) is the distance between the entangled
state, ρe ∈ E = A − S, and the separable state, ρs ∈ S,
with A and S being strictly convex sets (Fig.1), imply-
ing that every entangled state ρe ∈ E contains a unique
best approximation to ρe in S, since all non-empty closed
convex set is a Chebyshev set [22]. Also, the positive pa-
rameter E0 in (11) is a normalization constant so as to
ensure that the condition 0 ≤ E(ρe) ≤ 1 be satisfied.
Bearing in mind the Peres-Horodecki criterion [19, 20],
a candidate for the separable state density matrix, ρs, is
allowed if its all partial transpose eigenvalues be posi-
tive definite, on the other hand, to make a choice of a
candidate to the entangled state density matrix, ρe, at
least one of its partial transpose eigenvalues must be neg-
ative. As previously mentioned, among the four eigenval-
ues (9), the only one which can be negative is λ4 (9d),
consequently, the following inequalities stem from (6) and
(9d):
(ρe23)
2 > ρ11ρ44 , (12a)
(ρs23)
2 ≤ ρ11ρ44 , (12b)
with the subscript-superscript indices e and s referring
to entangled and separable state conditions, respectively.
Therefore, the density matrix ρ (5) can be rewritten as
ρI =

ρ11 0 0 0
0 ρ22 ρ
I
23 0
0 ρI23 ρ33 0
0 0 0 ρ44
 , (13)
where I = {e, s}, such that ρe23 is the element of the
entangled state density matrix satisfying the condition
(12a), whereas ρs23 is the element of the separable state
density matrix fulfilling the condition (12b).
As already mentioned, it has been proposed the
Hilbert-Schmidt norm [18] to compute the distance
among an entangled and separable states, ρe and ρs, re-
spectively, since it satisfies necessary requirements for an
entanglement measure [17, 23]. The distance D(ρe||ρs)
among entangled and separable states, defined through
the Hilbert-Schmidt norm, follows
D(ρs||ρe) =
√
Tr[(ρs − ρe)2]
=
√
2|ρe23 − ρs23| . (14)
Nevertheless, the proposed entanglement measure E(ρe)
(11) written now as
E(ρe) = E0
√
2 min
ρs∈S
|ρe23 − ρs23| , (15)
shall be a minimum as well as the conditions (12) have
to be adopted, reminding that for dimer spin-1/2 anti-
ferromagnetic systems, thus J < 0, the density matrix
elements ρ11 and ρ44 are positive, whereas ρ23 is nega-
tive. Consequently, the condition (12) can be rewritten
as
ρe23 < −
√
ρ11ρ44 (16a)
−√ρ11ρ44 ≤ ρs23 < 0 . (16b)
The distance defined by means of the Hilbert-Schmidt
norm, D(ρs||ρe) (14), reaches a minimum when ρs23 as-
sumes its minimum value, ρs23 = −
√
ρ11ρ44, and owing
to ρ23 < 0 (J < 0), the measure of entanglement (E(ρe))
(11) is redefined by
E(ρe) = −E0
√
2 (ρe23 +
√
ρ11ρ44) , (17)
where it shall be assumed E0 =
√
2 in (17) so as to guar-
antee that 0 ≤ E(ρe) ≤ 1, in which the extremes of that
interval, namely for E(ρe) = 0 the system is disentangled
while for E(ρe) = 1 it is maximally entangled. Never-
theless, for any state ρ, be it entangled (ρe) or separable
4(ρs), recalling the conditions (16), a general expression
yields up:
E(ρ) = max [0,−2 (ρ23 +√ρ11ρ44)] . (18)
At this moment, by taking into consideration the den-
sity matrix elements (6), the measure of entanglement
(18) – E(ρ) ≡ E(J ,B, T ) – reads
E(J ,B, T ) =
= max
0, eBT
(
1− 3eJT
)
e
B+J
T + e
2B+J
T + e
B
T + e
J
T
 , (19)
whence, a similar result has been obtained via concur-
rence [24]. In the absence of external magnetic field
(B = 0), the measure of entanglement (19) recovers
the result obtained by concurrence [25]. However, it
should be stressed that the entanglement measure (11)
proposed here, wherein the distance among states is de-
fined through the Hilbert-Schmidt norm (14), may be
used to measure entanglement in 2 ⊗ 3 dimensional sys-
tems – such as mixed spin-(1/2,1) dimers [26] – where
the concurrence cannot be analytically computed.
Whenever the system be in absence (B = 0) or presence
(B 6= 0) of external magnetic field, the measure of entan-
glement (19) can be rewritten by means of an unique
expression which takes care either of the both situations:
E(J ,B, T ) = max
0, e− 3J4T
(
1− 3eJT
)
Z(J ,B, T )
 , (20)
with Z(J ,B, T ) being the partition function given by
(7) – valid for vanishing and non vanishing applied mag-
netic field, whence for the former case it suffices to set
B = 0 within (7). At this moment, it is propitious to
notice that the decoherence temperature (Tc) is defined
as the temperature above which the quantum entangle-
ment vanishes, therefore T = Tc implies that (20) be-
comes null, E(J ,B, Tc) = 0, being its solution precisely
that one (10) deduced from the Peres-Horodecki crite-
rion. Such a congruence among the Peres-Horodecki cri-
terion and the entanglement measure proposed here (20)
– expressed through the distance among states defined
by the Hilbert-Schmidt norm – makes manifest that it
shall be a good quantum entanglement measure.
III. THE QUANTUM ENTANGLEMENT
MAGNETIC SHIELDING EFFECT
The quantum entanglement measure (20) depends on
three parameters: one intrinsic to the system, the ex-
change coupling constant (J ); and two extrinsic, the
temperature (T ) and the external magnetic field (B). A
detailed analysis concerning the proposed quantum en-
tanglement measure (20) and its dependence with respect
to the extrinsic physical quantities, temperature and ap-
plied magnetic field, will be presented following.
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Figure 2: Weak field regime (|B| < |J |): the entanglement
measure E(J ,B, T ) for a fixed value of J = −10K and differ-
ent values of B.
A. Entanglement dependence on temperature
The behaviour of the entanglement measure (20) with
respect to the temperature can be split into three ex-
ternal magnetic field regimes in comparison by with the
exchange coupling constant: weak field (|B| < |J |),
medium field (|B| = |J |) and strong field (|B| > |J |).
Whatsoever the regime may be, the critical (decoher-
ence) temperature is independent of the applied mag-
netic field and, in addition to that, though the system
be subjected or not to an external magnetic field, the
greater the absolute value of the exchange coupling con-
stant, the greater is the decoherence temperature, thus it
could be conjectured that the exchange coupling protects
the system from decoherence as temperature increases up
to it reaches the critical one and the quantum entangle-
ment vanishes, consequently. Moreover, the stronger the
applied magnetic field, the weaker the quantum entan-
glement – the smaller the value of entanglement measure
(20) – for a given temperature.
At the weak field regime (|B| < |J |) – with J = −10K
(see Fig. 2) – it can be verified that as temperature
decreases the quantum entanglement measure increases
monotonically and, as |B| approaches |J |, at a given tem-
perature, the quantum entanglement diminishes, besides
that, as previously stated (10), the decoherence temper-
ature remains unaffected despite the presence of external
magnetic field, therefore unaffected by the value of |B|.
It shall be stressed that since the system is an antiferro-
magnetic spin-1/2 dimer, the entanglement is insensitive
in regard to the orientation of the external magnetic field
along z-direction (zˆ or −zˆ).
The entanglement behaviour at medium field regime
(|B| = |J |) – assuming J = −5K and J = −10K (see
Fig. 3) – is remarkable since no matter which the value of
J , as temperature approaches zero the maximum value
of entanglement, E = 1, is reduced by half, E = 1/2, ac-
tually this result is valid whatever the values of |B| and
|J |, provided they are equal. It is also verified that the
5quantum entanglement measure increases monotonically
as temperature decreases, as well as the critical temper-
ature shows to be independent of applied magnetic field
as given by Eq.(10).
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Figure 3: Medium field regime (|B| = |J |): the entanglement
measure E(J ,B, T ) for J = −5K and J = −10K, with B = 0
and B 6= 0.
At the strong field regime (|B| > |J |) – with J =
−10K (see Fig. 4) – the quantum entanglement mea-
sure behaves differently if compared to the other both.
In contrast to weak and medium regimes, where entan-
glement measure increases monotonically as temperature
decreases, under strong magnetic field the quantum en-
tanglement exhibits a maximum at a temperature, Tm,
such that, 0 < Tm < Tc, while the entanglement measure
vanishes, no matter which the value of |B|, when T → 0
and T = Tc.
B. Entanglement dependence on external magnetic
field
Up to this moment it shall be concluded that the pres-
ence of external magnetic field affects the quantum entan-
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Figure 4: Strong field regime (|B| > |J |): the entanglement
measure E(J ,B, T ) for a fixed value of J = −10K and differ-
ent values of B.
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Figure 5: The entanglement measure E(J ,B, T ) for a fixed
value of J = −10K and different values of T .
glement, though the decoherence temperature lays undis-
turbed (10). The behaviour of entanglement measure
(20) of a particular material, namely for a given value of
J , at fixed temperatures but varying the external mag-
netic field, is presented – with J = −10K (see Fig. 5). As
expected, and already mentioned, the entanglement de-
pends only on the absolute value of the external magnetic
field (|B|) and not on its orientation along z-direction, be-
cause the system is a spin-1/2 antiferromagnetic dimer.
However, it is foreseen that such a symmetry concern-
ing the magnetic field (z-direction) orientation should be
broken for mixed spin-(1/2,1) antiferromagnetic dimers
[26]. It can be noticed that, from the entanglement mea-
sure curves as function of the applied magnetic field (see
Fig. 5), there are an inflection point, whenever B = ∓J ,
which makes explicit the transition from weak to strong
field regimes. Moreover, the abscissa axis is the horizon-
tal asymptote of the entanglement measure as function
of external magnetic field – there is no B such that E
vanishes – namely, when B → ±∞ then E → 0.
In order to illustrate the quantum entanglement mag-
netic shielding effect introduced in this work, a real sys-
tem like [Fe2(SC3H5N2)2(NO)4], the binuclear nitrosyl
iron complex [21], is taken into account. The nitrosyl
iron complex is a spin-1/2 antiferromagnetic dimer with
J = −136K, if it was subjected to an external magnetic
field |B| = 10K (|B| ≈ 7, 456T) at temperature T = 60K,
which is below the critical one, the entanglement mea-
sure would be E ≈ 0, 52, as well as, if |B| = 140K
(|B| ≈ 104, 238T) then E ≈ 0, 32. Therefore, the quan-
tum entanglement phenomenon in spin-1/2 antiferromag-
netic dimers survives even under the action of very high
magnetic fields, like Tesla orders of magnitude.
The entanglement measure (20) dependence on tem-
perature and external magnetic field exhibits a straight
line for a fixed value of temperature (see Fig. 6), thus
parallel to the external magnetic field axis, where the en-
tanglement vanishes, because ρe23 = ρ
s
23 owing to the fact
that T = Tc.
6IV. CONCLUSIONS
To end, it follows the final conclusions and comments.
The effect of temperature and external (applied) mag-
netic fields to quantum entanglement phenomenon on
spin-1/2 Heisenberg dimer systems was investigated and
analysed in details. It was proved that only antiferro-
magnetic exchange couplings shall favour quantum en-
tangled states, thus there is no place for quantum en-
tanglement in spin-1/2 ferromagnetic dimers. A phys-
ical quantity E(J ,B, T ), expressed in terms of experi-
mentally measurable quantities, was proposed so as to
quantify the degree of quantum entanglement. Bore in
mind the Peres-Horodecki criterion, the critical (decoher-
ence) temperature, above which the entanglement disap-
pears, Tc = −J / ln(3), was determined. The same result
has been obtained by adopting the entanglement mea-
sure E(J ,B, T ) which vanishes at T = Tc, thus showing
that the entanglement measure proposed in this work
consists in a good measure to quantify how entangled is
a system at a given temperature and external magnetic
field. In the following, it was discussed minutely the be-
haviour of the system from the quantum entanglement
point of view with respect to temperature: weak field
(|B| < |J |), medium field (|B| = |J |) and strong field
(|B| > |J |). Further investigation should deserve atten-
tion to the contribution of anisotropy effects (impurities)
to the degree of entanglement, critical temperature and
its possible dependence on the external magnetic field,
as well as an eventual origin of a critical decoherence
magnetic field (Bc). Analogously to what has been pre-
viously verified in spin-1/2 antiferromagnetic trimers and
chains [27, 28] – the greater the |J |, the greater is Tc – it
should also be conjectured for spin-1/2 antiferromagnetic
dimers that the exchange coupling protects the system
from decoherence as temperature increases. Moreover,
as a remarkable by-product, it was shown that the crit-
ical temperature does not depend on applied magnetic
Figure 6: The entanglement measure E(J ,B, T ) for a fixed
value of J = −10K.
field, as also pointed out in [13, 14], consequently, entan-
gled states are somehow shielded even from the action of
high external (Tesla orders of magnitude) magnetic fields
– the quantum entanglement magnetic shielding effect –
as presented for the case of the nitrosyl iron complex
[Fe2(SC3H5N2)2(NO)4] [21].
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